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Submanifolds contained in Hypersurfaces
Marcos Craizer, Marcelo J. Saia and Luis F. Sa´nchez
Abstract. In this paper we study the affine focal set, which is the bi-
furcation set of the affine distance to submanifolds Nn contained in hy-
persurfaces Mn+1 of the (n+ 2)-space. We give condition under which
this affine focal set is a regular hypersurface and, for curves in 3-space,
we describe its stable singularities. For a given Darboux vector field ξ of
the immersion N ⊂M , one can define the affine metric g and the affine
normal plane bundle A . We prove that the g-Laplacian of the position
vector belongs to A if and only if ξ is parallel.
For umbilic and normally flat immersions, the affine focal set re-
duces to a single line. Submanifolds contained in hyperplanes or hyper-
quadrics are always normally flat. For N contained in a hyperplane L,
we show that N ⊂M is umbilic if and only if N ⊂ L is an affine sphere
and the envelope of tangent spaces is a cone. For M hyperquadric, we
prove that N ⊂ M is umbilic if and only if N is contained in a hy-
perplane. The main result of the paper is a general description of the
umbilic and normally flat immersions: Given a hypersurface f and a
point O in the (n + 1)-space, the immersion (ν, ν · (f − O)), where ν
is the co-normal of f , is umbilic and normally flat, and conversely, any
umbilic and normally flat immersion is of this type.
Mathematics Subject Classification (2010). 53A15.
Keywords. Affine metrics, Affine normal planes, Evolutes, Visual con-
tours, Umbilic immersions, Normally flat immersions.
1. Introduction
Let Nn ⊂ Mn+1 ⊂ Rn+2 be a submanifold of codimension 2 contained in a
hypersurface M . For a frame {ξ, η}, ξ tangent to M and transversal to N , η
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transversal to M , write
DXY = ∇XY + h1(X,Y )ξ + h2(x, y)η,
where D denotes the canonical connection of the affine (n + 2)-space, X,Y
are tangent to N and ∇XY is also tangent to N . We shall assume that
the metric h2 is non-degenerate, which is independent of the choice of the
frame {ξ, η}. Under this non-degenerate hypothesis, there exists a unique,
up to multiplication by a scalar function, vector field ξ tangent to M and
transversal to N such that DXξ is tangent to M , for any X tangent to N .
Any such vector field is called a Darboux vector field along N ([3]).
For a fixed Darboux vector field ξ, one can define an unique affine in-
variant metric g on N such that
[X1, ...., Xn, DXiXj , ξ] = δij ,
for any g-orthonormal frame {X1, ..., Xn}, where [, , ] denote the canonical
volume form in the (n+ 2)-space (see [12]). For η transversal to M , write
DXη = −SηX + τ12 (X)ξ + τ22 (X)η,
where SηX is tangent to N . It is proved in [12] that there exists a vector field
η satisfying τ22 = 0 and
[X1, ...., Xn, η, ξ] = 1,
for any g-orthonormal frame {X1, ..., Xn}. Moreover, any other η1 with the
same properties can be written as η1 = η + λξ, for some λ ∈ R, and so the
plane A (p), p ∈ N , generated by {ξ, η} is unique. The family {A (p), p ∈ N}
is called the affine normal plane bundle.
A vector field ζ ∈ A is called parallel if DXζ is tangent to N , for
any X ∈ TN . Some immersions admit a parallel Darboux vector field and,
when this is the case, we have some reasons to choose it: The Transon planes
coincide with the affine normal planes and the cubic form C2 is apolar ([3]).
In this paper we give one more reason for the choice, namely, we prove that
the g-Laplacian of the position vector φ belongs to the affine normal plane if
and only if ξ is parallel.
We are particularly interested in the case that the immersion admits a
parallel Darboux vector field ξ and also a parallel vector field η ∈ A linearly
independent of ξ. We verify that these conditions are equivalent to the flatness
of a certain connection ∇⊥, called normal connection. When these conditions
hold, we say that the immersion is normally flat.
When ξ is parallel and umbilic, i.e., Sξ is a multiple of the identity,
then N ⊂ M is a visual contour. This means that there exists a point O ∈
Rn+2 in the intersection of all tangent spaces of M along N . If η ∈ A ,
linearly independent from ξ, is also parallel and umbilic, then there exists
another fixed point Q that belongs to the intersection of the normal planes
A (p), p ∈ N . Thus if the immersion is umbilic and normally flat, there exist
fixed points O and Q in the intersection of the tangent spaces and normal
planes, respectively. Conversely, if such points O and Q exist, the immersion
is necessarily umbilic and normally flat.
3For p ∈ N , let {X1(p), ..., Xn(p)} be a g-orthonormal tangent frame for
N . The affine distance function ∆ : Rn+2 ×N → R is given by
∆(x, p) = [x− p,X1(p), ..., Xn(p), ξ(p)] . (1)
Then the singular set of ∆ is the affine normal plane A ([13]) and the bi-
furcation set B of ∆ is called the affine focal set of the immersion N ⊂ M .
We verify that for umbilic and normally flat immersions, the set B reduces
to a single line. We also give conditions under which this set is locally a
hypersurface of Rn+2.
We consider in more detail curves φ contained in surfaces M ⊂ R3.
In this case, the affine focal set B is a developable surface B in R3 and we
describe the stable singularities of B, giving conditions under which they are
equivalent to a cuspidal edge or a swallowtail. We verify that there exist
parallel vector fields ξ and η generating the affine normal plane bundle and
so the immersion is normally flat. For curves, the umbilic condition must be
replaced by the visual contour condition together with the existence of a fixed
point Q in the intersection of the affine normal planes. We characterize the
curves satisfying these conditions and apply the result for spatial curves not
necessarily contained in surfaces. We also discuss two six vertex theorems,
one affinely invariant for ”umbilic” spatial curves and the other projectively
invariant for general planar curves.
For immersions N ⊂ M such that N is contained in a hyperplane L,
we can choose ξ parallel and η the Blaschke vector field of N ⊂ L, which is
also parallel. In this context we verify that N ⊂ M is an umbilic immersion
if and only if N ⊂ L is an affine sphere and the envelope of tangent spaces
of N ⊂M is a cone.
For immersions N ⊂ M , where M is a hyperquadric, we can choose a
parallel Darboux vector field ξ h-unitary and orthogonal to N , where h is
the Blaschke metric of M . Then the vector field η(p) = p−Q, where Q is the
center of M , is umbilic, parallel and contained in the affine normal plane. In
this context, we show that the immersion N ⊂M is umbilic if and only if N
is contained in a hyperplane.
The main result of this paper is a geometric characterization of umbilic
and normally flat immersions. Consider a non-degenerate immersion f : U ⊂
Rn → Rn+1 and let ν : U ⊂ Rn → Rn+1 denote its Blaschke co-normal
map. We verify that the centro-affine immersion (ν, ν · (f −O)) : U → Rn+2
is umbilic and normally flat, for any choice of the origin O ∈ Rn+1. The
converse is also true: Any umbilic and normally flat immersion is locally
obtained by this construction. As a corollary we show that a umbilic and
normally flat immersion N is contained in a hyperplane if and only if f is a
proper affine sphere.
The paper is organized as follows: In section 2, we describe the Dar-
boux vector fields and other basic facts of the affine geometry of codimension
2 submanifolds contained in a hypersurface. In section 3 we consider the case
of parallel Darboux vector field and prove that the Laplacian of the position
vector is in the affine normal plane. In section 4 we discuss conditions under
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which an immersion is normally flat and umbilic. In section 5 we describe
the basic properties of the affine focal set, giving conditions for its regularity.
In section 6 we consider curves contained in surfaces of R3, where the affine
focal set coincides with the envelope of normal planes. In this case, we give
a complete classification of the stable singularities that appear in the affine
focal set. In section 7 we study the particular cases of submanifolds contained
in a hyperplane, when the immersion is umbilic if and only if the envelope of
tangent spaces is a cone over an affine sphere, and of submanifolds contained
in hyperquadrics, where the immersion is umbilic if and only if the subman-
ifolds is contained in a hyperplane. In section 8 we prove the main result
of the paper: Given a hypersurface f and a point O in the (n + 1)-space,
the immersion (ν, ν · (f −O)), where ν is the co-normal of f , is umbilic and
normally flat, and, conversely, any umbilic and normally flat immersion is of
this type.
2. Affine geometry of codimension 2 submanifolds contained in
hypersurfaces
Denote by D the canonical affine connection and by [·, ..., ·] the canonical
volume form of Rn+2.
2.1. Basic equations for codimension 2 immersions
Let φ : U → Rn+2 be an immersion, where U is a n-dimensional manifold
and denote N = φ(U). Consider a transversal plane bundle A (p), p ∈ N ,
and let {ξ1, ξ2} be a frame for A . For X,Y ∈ X(U), write
DXφ∗Y = φ∗(∇XY ) + h1(X,Y )ξ1 + h2(X,Y )ξ2. (2)
Then ∇ is a torsion free affine connection and hi, i = 1, 2, are symmetric
bilinear forms on U . For X ∈ X(U), i = 1, 2, write
DXξi = −φ∗(Si(X)) + τ1i (X)ξ1 + τ2i (X)ξ2, (3)
where τ ji are 1-forms on U and the linear maps Si(u) : TuU → TuU are called
shape operators of ξi. In general, for ζ ∈ A , write
DXζ = −φ∗(Sζ(X)) + τ1ζ (X)ξ1 + τ2ζ (X)ξ2,
and the linear map Sζ is called the shape operator of ζ. Most of the time we
shall consider that U = N and φ : N → Rn+2 is the inclusion map.
The normal connection ∇⊥ is defined by
∇⊥Xζ = τ1ζ (X)ξ1 + τ2ζ (X)ξ2.
The curvature tensor of the normal connection, called normal curvature
tensor, R∇⊥ : TpN × TpN ×Ap → Ap, is defined by
R∇⊥(X,Y )ζ = ∇⊥X(∇⊥Y ζ)−∇⊥Y (∇⊥Xζ)−∇⊥[X,Y ]ζ.
5Since R4 has vanishing curvature, we obtain
R∇⊥(X,Y )ζ =
(
h1(X,SζY )− h1(Y, SζX)
)
ξ1+
(
h2(X,SζY )− h2(Y, SζX)
)
ξ2.
(4)
We have also Ricci equations, i = 1, 2, X,Y ∈ X(N),
h
1
(X,S1Y )− h1(Y, S1X) = dτ11 (X,Y ) + τ21 (Y )τ12 (X)− τ12 (Y )τ21 (X), (5)
h
2
(X,S1Y )−h2(Y, S1X) = dτ21 (X,Y )+τ11 (Y )τ21 (X)−τ21 (Y )τ11 (X)+τ21 (Y )τ22 (X)−τ22 (Y )τ21 (X),
(6)
h
1
(X,S2Y )−h1(Y, S2X) = dτ12 (X,Y )+τ22 (Y )τ12 (X)−τ12 (Y )τ22 (X)+τ12 (Y )τ11 (X)−τ11 (Y )τ12 (X),
(7)
h
2
(X,S2(Y ))− h2(Y, S2(X)) = dτ22 (X,Y ) + τ12 (Y )τ21 (X)− τ21 (Y )τ12 (X). (8)
The cubic form Ci, i = 1, 2, is defined by
Ci(X,Y, Z) = ∇Xhi(Y, Z) + τ i1(X)h1(Y, Z) + τ i2(X)h2(Y, Z), (9)
for X,Y, Z ∈ X(N). It follows from Codazzi equations that Ci is symmetric
in X,Y, Z.
For more details, see [11] and [13].
2.2. Darboux vector field
From now on, we consider a codimension 2 submanifold N contained in a hy-
persurface M of Rn+2. Take vector fields ξ1 = ξ tangent to M and transversal
to N and ξ2 = η transversal to M . We shall assume that h
2 given by equation
(2) is non-degenerate, which is independent of the choice of ξ and η.
Under this non-degeneracy hypothesis, there exists a unique ξ, up to
multiplication by a scalar function, such that DXξ is tangent to M , for any
X ∈ TN . We call any such ξ a Darboux vector field of the immersion N ⊂M
(see [3]). Equation (2) can be re-written as
DXY = ∇XY + h1(X,Y )ξ + h2(X,Y )η. (10)
Now equation (3) implies that τ21 = 0 and so, by equation (6), S1 is h
2-self
adjoint.
2.3. Affine metric and affine normal plane bundle
Consider an immersion Nn ⊂Mn+1 ⊂ Rn+2 and denote by ξ a fixed Darboux
vector field tangent to M along N . Consider a tangent frame u = {X1, ..., Xn}
and let
Gu(X,Y ) = [X1, ...., Xn, DXY, ξ] .
Then Gu is non-degenerate and we can define the metric.
g(X,Y ) =
Gu(X,Y )
|detuGu| 1n+2
,
where detuGu = det(Gu(Xi, Xj)). The metric g is called the affine metric of
the immersion N ⊂M ([12],[14]).
Consider a tangent g-orthonormal frame {X1, ..., Xn} and let η be a
transversal vector field satisfying
[X1, ..., Xn, η, ξ] = 1.
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Then we obtain from equation (10) that g = h2. It turns out that there
exists a transversal vector field η such that DXη is tangent to M , for any X
tangent to N . Moreover, the plane bundle generated by {ξ, η} is unique, and
it is called the affine normal plane bundle ([12],[14]). We shall denote it by
A (p), p ∈ N .
From equation (3), τ22 = 0, which, by equation (8), implies that S2 is
h2-self adjoint. We conclude that, in this setting, both S1 and S2 are g-self
adjoint.
2.4. Affine semiumbilic immersions
An immersion N ⊂ M is affine semiumbilic with respect to A if Sζ is a
multiple of the identity, for some ζ ∈ A . An immersion N ⊂ M is affine
semiumbilic with respect to A at a point p if Sζ(p) is a multiple of the
identity, for some ζ ∈ A .
Proposition 2.1. If an immersion N ⊂ M is affine semiumbilic with respect
to A at p, then the shape operators Sζ(p), ζ ∈ A , commute. For n = 2, the
converse also holds.
Proof. Fix ζ1, ζ2 ∈ A . If p is affine semi-umbilic, we can write aSζ1 + bSζ2 =
λI, for some real numbers a, b, λ. This implies that Sζ1 ◦ Sζ2 = Sζ2 ◦ Sζ1 . For
the converse, write for n = 2{
S1(X1) = λ11X1 + λ21X2
S1(X2) = λ12X1 + λ22X2
{
S2(X1) = µ11X1 + µ21X2
S2(X2) = µ12X1 + µ22X2,
where {X1, X2} is a g-orthonormal frame of TN . Since both S1 and S2 are
g-self adjoint, λ12 = λ21 and µ12 = µ21. The semiumbilic condition is then
equivalent to
det
[
λ22 − λ11 λ12
µ22 − µ11 µ12
]
= 0.
On the other hand, the commutativity of S1 and S2 is also equivalent to this
condition. 
3. Parallel Darboux vector field
For immersions N ⊂ M that admit a parallel Darboux vector field ξ, this
choice of ξ is ubiquitous. In fact, it is proved in [3] that the condition ξ parallel
is equivalent to the coincidence of the affine normal plane with the Transon
plane, and also equivalent to the apolarity of the second cubic form. In this
section, we show that ξ parallel is also equivalent to the condition that the
Laplacian of the position vector φ belongs to the affine normal plane.
3.1. Immersions that admit a parallel Darboux vector field
It is not always true that an immersion N ⊂ M admits a parallel Darboux
vector field ξ. In fact, we have the following proposition:
7Proposition 3.1. The immersion N ⊂ M admits a local parallel Darboux
vector field if and only R∇⊥ξ = 0. When it exists, the parallel Darboux vector
field is unique up to a multiplicative constant.
Proof. If the Darboux vector field ξ is parallel, τ11 = 0, and so equations (4)
and (5) imply that R∇⊥ξ = 0. Conversely, assuming R∇⊥ξ = 0, the same
equations imply that τ11 is locally exact. Then exp(λ)ξ is parallel, where
dλ = −τ11 . Finally, if ξ is parallel, aξ is parallel if and only if a is constant.
For more details see [3]. 
3.2. The apolarity condition
Since τ21 = τ
2
2 = 0, equation (9) says that
C2(X,Y, Z) = (∇Xh2)(Y,Z),
for X,Y, Z ∈ X(N). Equivalently, denoting K(X,Y ) = ∇XY − ∇ˆXY , we
have
C2(X,Y, Z) = −2h2(K(X,Y ), Z).
The cubic form C2 is apolar with respect to h
2 if
trh2C2(X, ·, ·) = 0,
for any X ∈ X(N). This condition is equivalent to trh2K = 0. In [3], the
following proposition is proved:
Proposition 3.2. The cubic form C2 is apolar with respect to h
2 if and only
if ξ is parallel.
3.3. The Laplacian operator
Denote by ∆ the Laplacian operator with respect to the metric g. Recall that
∆(f) is the trace with respect to g of the Hessian operator defined by
Hess(f)(X,Y ) = XY (f)− ∇ˆXY (f),
where ∇ˆ denotes the Levi-Civita connection of g (see [10], p.64).
Proposition 3.3. The Laplacian of φ belongs to the affine normal plane if and
only if ξ is parallel. In this case
1
n
∆φ = η − λξ, (11)
where λ = − 1n trg(h1).
Proof. Write
DXφ∗Y − φ∗(∇ˆXY ) = φ∗(K(X,Y )) + h1(X,Y )ξ + h2(X,Y )η.
where K(X,Y ) = ∇XY − ∇ˆXY . For ξ parallel, the cubic form C2 is apolar
with respect to h2, i.e., trg(K) = 0. Thus
∆φ = trg(h
1)ξ + nη,
thus proving the proposition. Conversely, if ∆(φ) belongs to the affine normal
plane, trg(K) = 0, which implies that ξ is parallel. 
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3.4. Visual contours
A submanifold N ⊂M is a visual contour if there exists O ∈ Rn+2 such that
the tangent space to M at each point of N passes through O. This class of
submanifolds is the object of study of the centro-affine differential geometry
and is important in computer graphics ([4]).
For a visual contour, one can choose the Darboux vector field ξ = φ−O
which is both parallel and also umbilic, i.e., Sξ is a multiple of the identity,
for any p ∈ N . To prove the converse, we need the following lemma:
Lemma 3.4. Assume n ≥ 2. If the Darboux vector field ξ is both umbilic and
parallel, then S1 = αI, for some constant α.
Proof. For p ∈ N , write S1(X) = α(p)X. From equation
DXDY ξ −DYDXξ −D[X,Y ]ξ = 0,
we obtain
X(α)Y − Y (α)X = 0.
Taking X,Y linearly independent, we conclude that X(α) = Y (α) = 0, which
implies that α is constant. 
Corollary 3.5. Assume n ≥ 2. If there exists a Darboux vector field ξ which
is both umbilic and parallel, then N ⊂M is a visual contour.
Proof. Take ξ umbilic and parallel. By the lemma 3.4, S1 = σI, for some
constant σ. Writing O = p + σ−1ξ, we get X(O) = 0 and so O is constant,
which implies that N ⊂M is a visual contour. 
4. Normally flat immersions
An immersion N ⊂ M is normally flat with respect to the affine normal
plane bundle A if R∇⊥ = 0. An immersion N ⊂M is (totally) umbilic if Sζ
is a multiple of the identity, for any ζ ∈ A , for any p ∈ N . In this section
we study the conditions under which the immersions are normally flat and
umbilic.
4.1. Conditions for normally flat immersions
Proposition 4.1. Fix a parallel Darboux vector field ξ. Then there exists a
parallel vector field η ∈ A linearly independent with ξ if and only if ∇⊥ is
flat. When the parallel vector field η exists, any other parallel vector field in
A is necessarily of the form η + aξ, for some constant a.
Proof. If η ∈ A is parallel, τ12 = 0, and so equations (4) and (7) imply that
R∇⊥η = 0. Thus ∇⊥ is flat. Conversely, if R∇⊥η = 0, the same equations
imply that τ12 is locally exact. Then η + λξ is parallel, where dλ = −τ12 .
Finally, if η is parallel, η + aξ is parallel if and only if a is constant. 
9Corollary 4.2. An immersion N ⊂M is normally flat if and only if it admits
a parallel Darboux vector field ξ and a parallel vector field η ∈ A , linearly in-
dependent from ξ. The vector field ξ is unique up to a multiplicative constant,
while η is unique up to the addition of aξ, a constant.
4.2. Conditions for umbilic and normally flat immersions
Proposition 4.3. Assume that n ≥ 2. If N ⊂M is umbilic and normally flat,
then it is a visual contour and there exists a point Q 6= O contained in the
intersection of the affine normal planes A (p), p ∈ N . Conversely, if N ⊂M
is a visual contour and the intersection of the normal planes A (p), p ∈ N ,
contains a point Q 6= O, then the immersion is umbilic and normally flat.
Proof. Assuming N ⊂ M is umbilic and normally flat, we can choose ξ
umbilic and parallel. Then corollary 3.5 implies that N ⊂ M is a visual
contour, and so we can assume ξ = φ − O. We can also choose η umbilic
and parallel. So we may write Sη = µI, and, by Lemma 3.4, µ is constant.
Writing Q = φ+ µ−1η, we have Q ∈ A (p) and DXQ = 0, for any X ∈ TN ,
which implies that Q is independent of p ∈ N .
Conversely, if N ⊂M is a visual contour and Q ∈ A (p), we may assume
ξ = φ−O and define η = φ−Q. Then η is umbilic and parallel, which implies
that N ⊂M is umbilic and normally flat. 
5. Affine focal sets
In this section we define the affine distance and show that its singular set
coincides with the affine normal plane. We give also conditions for the regu-
larity of the affine focal set, which is the bifurcation set of the affine distance.
Finally, by comparing with the envelope of tangent spaces, we show that all
simple singularities are realizable.
5.1. Affine distance and its singular set
The affine distance ∆ : Rn+2 × U → R is defined by
∆(x, u) = [x− φ(u), X1(u), ..., Xn(u), ξ(u)] . (12)
Lemma 5.1. The singular set of ∆ is {A (p)|p ∈ N}.
Proof. Differentiating equation (12) with respect to u1 we obtain
∂∆
∂u1
=
 n∑
j=1
Γj1j + τ
1
1 (X1)
∆ + [x− φ, η,X2, ..., Xn, ξ] = 0.
Differentiating [X1, ..., Xn, η, ξ] = 1 with respect to u1 we obtain
n∑
j=1
Γj1j + τ
1
1 (X1) = 0.
We conclude that
∂∆
∂u1
= [x− φ, η,X2, ....Xn, ξ] .
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Similarly, differentiating equation (1) with respect to uk we obtain
∂∆
∂uk
= [x− φ,X1, .., η, ...,Xn, ξ] . (13)
We conclude that the singular set of ∆ is defined by x−φ = aξ+bη, a, b ∈ R,
and the lemma is proved. 
5.2. The bifurcation set of ∆
Take a g-orthonormal basis {X1, ..., Xn} formed by eigenvectors of S2, i.e.,
S2Xj = µjXj . Write also
S1(Xk) =
n∑
j=1
σkjXj .
Proposition 5.2. Write x = φ+ aξ + bη. The bifurcation set Bp of ∆ at p is
given by q(a, b) = 0, where q is a polynomial of degree at most n in (a, b).
Proof. Differentiating equations (13) we obtain
∂2∆
∂u2k
= 1− bµk − aσkk, ∂
2∆
∂uk∂ul
= −aσkl.
Taking q(a, b) = det(D2∆), the lemma is proved. 
Corollary 5.3. For an umbilic and normally flat immersion, the affine focal
set reduces to a line.
Proof. For umbilic and normally flat immersions, µk = µ and σkj = σδkj . 
Corollary 5.4. If the shape operators commute at p, the affine focal set at this
point consists of n lines. In particular this holds if p is affine semiumbilic.
Proof. If the shape operators commute at p, then we can find an orthonormal
frame {X1, ..., Xn} made of ζ-principal directions, for all ζ ∈ A . In this basis,
σkl = 0, for k 6= l, and we write σkk = σk. From we conclude that the
bifurcation set is given by
n∏
k=1
(1− bµk − aσk) = 0,
which is equivalent to 1− bµk − aσk = 0, for some 1 ≤ k ≤ n. 
5.3. Conditions for regularity of the affine focal set
Assume that µ1 is a simple eigenvalue of S2 associated with the principal
direction X1. We shall give conditions under which the affine focal set is
smooth at x = φ+ µ−11 η.
Lemma 5.5. Consider a = 0 and b = µ−11 in proposition 5.2. At this point,
the vector ζ = µ1ξ − σ11η is tangent to the curve q(a, b) = 0.
11
Proof. Differentiating q(a, b) = 0 and taking a = 0, b = µ−11 we obtain
(qa, qb) = −
n∏
j=2
(1− µjµ−11 ) (σ11, µ1) ,
and the lemma is proved. 
Lemma 5.6. Write
x(u) = φ(u) + µ−11 (u)η(u), t ∈ U. (14)
Assuming that η is parallel,
xu1 = −
X1(µ1)
µ21
η,
and for j 6= 1,
xuj = (1− µ−11 µj)Xj −
Xj(µ1)
µ21
η.
Denote by E1 the eigenspace generated by the eigenvector X1 of S2,
and by E⊥1 ⊂ TpN the (n− 1)-space g-orthogonal to E1.
Proposition 5.7. Assume that η is parallel. If µ1 is a simple eigenvalue of
S2 and X1(µ1) 6= 0, the affine focal set is smooth at x = φ + µ−11 η and the
tangent space of B at this point is E⊥1 ⊕A(p).
Proof. By lemma 5.5, ζ is contained in the (n + 1)-dimensional subspace
E⊥1 ⊕A(p). By lemma 5.6, xui , i = 1, ...n, are also contained in this subspace.
Thus we must only prove that these vectors are linearly independent. But this
follows from the hypothesis X1(µ1) 6= 0 and µj 6= µ1, if j 6= 1. 
5.4. Relation with the Envelope of Tangent Spaces and simple singularities
The Envelope of Tangent Spaces is the set
ETN = {x ∈ Rn+2| ∆ = ∆u1 = ... = ∆un = 0, for some u ∈ U},
or equivalently,
ETN = {x = p+ uξ(p)| p ∈ N, u ∈ R}.
If u 6= σ−1, for some non-zero eigenvalue σ of S1, then ETN is regular (for
details, see [3]).
If u = σ−1, for some non-zero eigenvalue σ of S1, then x = p + uξ(p)
is a point of intersection of ETN with B. In [3], one can find examples of
such points where ∆(x, p) are versal deformations of the simple singularities,
namely, Ak, k ≥ 2, Dk, k ≥ 4, D6, D7 and D8 (for examples in case n = 2, see
section 7.1 and [5], ch.8). These examples are also examples of singularities
that appear in B. We conclude that any simple singularity appears as a
singular point of the affine focal set B for some immersion N ⊂M .
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5.5. An example
Example 5.8. Let α and β be a plane curves parametrized by arc length affine
and we consider the surface N parameterized by
φ(u1, u2) = (α(u1), β(u2)).
Denote X1 = φu1 , X2 = φu2 and let ξ = (α
′′(u1), β′′(u2)). We shall assume
that ξ is tangent to a hypersurface M ⊂ R4. Since ξ′ is tangent to N , ξ is the
parallel Darboux vector fields of the immersion N ⊂M . Let ξ1 = (α′′(u1), 0),
ξ2 = (0, β
′′(u2)). Then ξ1 and ξ2 are parallel and belongs to the affine normal
plane bundle. Moreover
[X1, X2, ξ1, ξ2] = 1.
The affine distance function F : R2 × R4 → R on product of curves is
given by:
F (u, x) = [X1, X2, ξ, x− φ(u1, u2)]
The bifurcation set is given by
BF = {x ∈ R4 : Fu1 = Fu2 = Fu1u1Fu2u2 − F 2u1u2 = 0}
Fu = −[x− φ(u1, u2), X2, ξ1, ξ2]
Fv = −[X1, x− φ(u1, u2), ξ1, ξ2]
We have Fu1 = Fu2 = 0 if, and only if, there are r, s ∈ R such that
x− φ(u1, u2) = rξ + sη. Now for x ∈ R4 such that Fu1 = Fu2 = 0
Fu1u1 = 1− rk(α)
Fu1u2 = 0
Fu2u2 = −1 + sk(β)
where k denote the affine curvature of the plane curves α and β. Therefore
x ∈ BF , if and only if, x − φ(u1, u2) = rξ1 + sξ2 and r = k(α)−1 or s =
k(β)−1. Thus, at each point, the affine focal set is a pair of lines concurring
at (r, s) =
(
k(α)−1, k(β)−1
)
.
Globally, we can write the affine focal set as E(α) × R2 ∪ R2 × E(β),
where E denotes the affine planar evolute of the planar curve.
6. Curves contained in surfaces of R3
In this section, we shall consider a curve φ : U → M ⊂ R3, where U ⊂ R is
an interval and M is a surface of R3.
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6.1. Affine normal plane bundle
Let φ : U → M ⊂ R3 be a curve. The non-degeneracy hypothesis says that,
at each point, the osculating plane of φ does not coincide with the tangent
plane of M . Under this hypothesis, there exists a reparameterization of φ
such that φ′′′(u) is tangent to M . From now on, we shall assume that this
property holds.
Choose a vector field ξ(u) in the Darboux direction satisfying
[T, φ′′, ξ] = 1, (15)
where T = φ′(u).
Proposition 6.1. The vector field ξ is parallel, g = du is the affine metric and
the affine normal plane bundle is spanned by {ξ, φ′′}.
Proof. Differentiating equation (15) we obtain that ξ′(u) ‖ T , and thus ξ is
parallel. Moreover, equation (15) implies that g(T ) = 1, i.e., g = du. Finally
equation (15) together with γ′′′ tangent to M implies that γ′′(u) belongs to
the affine normal plane. 
We can write
ξ′ = −σT ; φ′′′ = −ρT + τξ. (16)
6.2. Normally flat immersion
Take a real function λ such that λ′ = −τ . Note that λ may not be globally
defined. Consider the vector field η = φ′′+λξ (see Figure 1). Then [T, η, ξ] = 1
and
η′ = −ρT + τξ − τξ − λσT = −(ρ+ λσ)T.
Defining µ = ρ+ λσ, we obtain the following equations: T
′ = η − λξ
η′ = −µT
ξ′ = −σT
Note that ξ and η are both parallel and thus the immersion is normally flat
with respect to the affine normal plane bundle A.
Figure 1. The parallel vector fields ξ and η.
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Lemma 6.2. A curve φ : U → M is a visual contour if and only if σ is
constant.
Proof. If σ is constant, then O = φ + σ−1ξ is constant and belong to the
tangent plane to M at p, thus implying that φ is a visual contour. Conversely,
if O belongs to the tangent plane to M at each p, then φ − O is a parallel
Darboux vector field. Thus ξ = a(φ − O), for some constant a, and hence σ
is constant. 
Proposition 6.3. A curve φ : U → M is a visual contour and there exists a
constant point Q ∈ A (p), for each p ∈ N , if and only if σ and µ are constant.
Proof. If µ is constant, then Q = φ+ µ−1η is constant and belongs to A (p),
for each p. Conversely, if there exists a point Q ∈ A (p), for each p, then φ−Q
is parallel and belongs to A (p). Thus η = φ −Q + aξ, for some constant a,
which implies that µ = −1 + aσ is constant. 
Comparing the above proposition with proposition 4.3 we see that the
umbilic and normally flat condition for n ≥ 2 corresponds to σ and µ constant
for curves.
6.3. Envelope of affine normal planes
The affine distance is given by
∆(x, u) = [x− φ(u), φ′(u), ξ(u)] . (17)
Thus
∆u(x, u) = [x− φ(u), φ′′(u), ξ(u)] ,
and so ∆u = 0 is the equation of the affine normal plane. We conclude that
the affine focal set
B = {x ∈ R3| ∆u = ∆uu = 0, for some u ∈ U},
coincides with the envelope of A (u), u ∈ U .
Denote Q(u) = φ(u) + µ−1(u)η(u) and O(u) = φ(u) + σ−1(u)ξ(u) and
let l(u) be the line connecting the points O(u) and Q(u) (see Figure 2).
Proposition 6.4. The envelope B of the family of planes {A (u), u ∈ U} is the
ruled surface formed by the lines l(u), u ∈ U .
Proof. The equation of the plane A (u) is F (x, u) = 0, where
F (x, u) = [x− φ(u), η(u), ξ(u)].
Differentiating this equation with respect to u we obtain
Fu = −µ[x− φ, T, ξ]− σ[X − φ, η, T ]− 1. (18)
Writing x − φ = aξ + bη and substituting in this equation we get Fu = 0 if
and only if
aσ + bµ = 1,
thus proving the proposition. 
Lemma 6.5. The ruled surface B is developable.
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Figure 2. The line l(u) whose union is the affine focal set B .
Proof. Since
Q′ = − µ
′
µ2
η, O′ = − σ
′
σ2
ξ,
we conclude that
[Q′, O′, O −Q] = 0,
thus proving that B is developable. 
6.4. Singularities of B
Theorem 6.6. Let B be the affine focal set of N ⊂ M . Each point of B at
p ∈ N belongs to the line
aσ + bµ = 1.
Then
1. B is smooth if aσ′ + bµ′ 6= 0.
2. B is locally diffeomorphic to a cuspidal edge if aσ′ + bµ′ = 0 and aσ′′ +
bµ′′ 6= 0.
3. B is locally diffeomorphic to a swallowtail if aσ′′ + bµ′′ = 0 and aσ′′′ +
bµ′′′ 6= 0.
Proof. Differentiating equation (18) we obtain
Fuu = −µ′ [x− φ, T, ξ]− σ′ [x− φ, η, T ] + (λσ − µ)F (19)
Thus Fuu = 0 if and only if aσ
′ + bµ′ = 0. Differentiating equation (19) and
discarding the last parcel we obtain
Fuuu = −µ′′ [x− φ, T, ξ]− σ′′ [x− φ, η, T ] + (λσ′ − µ′)F (20)
Thus F = Fu = Fuu = Fuuu = 0 if and only if aσ
′′+ bµ′′ = 0. Differentiating
equation (20) and substituting the values of (a, b) we obtain
Fuuuu = aσ
′′′ + bµ′′′.
The result follows now from [7], ch.6. 
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6.5. Curves with µ and σ constant
In this section we describe those immersions φ ⊂ M for which σ and µ are
constant. For these curves, the affine focal set B reduces to a single line. We
may assume, w.l.o.g., that σ = −1 and ξ = φ. Thus equation (16) can be
written as
φ′′′ = −ρφ′ + τφ. (21)
The condition µ′ = 0 can be written as
ρ′ + τ = 0, (22)
and thus this equation reduces to
φ′′′ = − (ρφ)′ ,
or equivalently,
φ′′ = −ρφ+Q,
for some constant vector Q. Assuming Q = (0, 0, 1) and writing φ(u) =
(γ(u), z(u)), for some planar curve γ(u), we obtain the discoupled equations
γ′′(u) = −ρ(u)γ(u), z′′(u) = −ρ(u)z(u) + 1. (23)
We say that a planar curve Γ(u) is parameterized by affine arc-length
if [Γ′,Γ′′] = 1. In this case
Γ′′′(u) = −ρ(u)Γ′(u),
for a certain scalar function called the affine curvature of Γ. The function
z(u) = [Γ(u)−O,Γ′(u)]
is called the affine distance, or support function, of Γ with respect to the
origin O ([2],[10]). Next theorem will be generalized to higher dimensions in
section 8:
Theorem 6.7. Given a planar curve Γ parameterized by affine arc-length with
affine curvature ρ, let γ = Γ′ and z denote the support function of Γ with
respect to an arbitrary origin O. Then (γ, z) satisfies equation (23) and, con-
versely, any solution of (23) is obtained in this way.
Proof. Assume that γ = Γ′ and z is the support function of γ with respect
to O. Then
γ′′(u) = Γ′′′(u) = −ρ(u)Γ′(u) = −ρ(u)γ(u).
Moreover z′(u) = [Γ(u)−O,Γ′′(u)] and so
z′′(u) = 1 + [Γ(u)−O,Γ′′′(u)] = 1− ρ(u)z(u),
thus proving that (γ, z) satisfies equation (23). Since the general solution of
the linear system of ODE’s (23) is 2-dimensional, we conclude that (γ, z) is
a general solution of this system. 
A flattening point of φ is a point φ(u0) such that τ(u0) = 0.
Corollary 6.8. Consider a closed curve φ with constant σ and µ. Then φ has
at least six flattening points.
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Proof. If φ is closed, then Γ is a closed convex planar curve. By the affine six
vertex theorem ([1],[6]), there exists at least six points of Γ where ρ′(u0) = 0.
This implies that τ(u0) = 0 at these points. 
6.6. Curves in R3
Theorem 6.7 is also interesting in the context of spatial curves, not contained
in a surface. Assume Φ : U → R3 is a smooth spatial curve parameterized by
affine arc-length, i.e., [Φ′(u),Φ′′(u),Φ′′′(u)] = 1. Then we can write
Φ′′′′ = −ρΦ′′ + τΦ′, (24)
for some scalar functions ρ and τ . The plane passing through Φ(u) and gener-
ated by Φ′(u) and Φ′′′(u) is called affine rectifying plane, while the envelope
RS(Φ) of these planes is called the intrinsic affine binormal developable of Φ.
It is proved in [9] that RS(Φ) is a cylindrical surface if and only if ρ′+ τ = 0.
Writing φ = Φ′ in equation (24), we obtain equation (21). Theorem 6.7
says that µ is constant if and only if φ = (γ, z), where γ = Γ′, for some curve
Γ and z = [Γ−O, γ]. Thus we conclude that Φ = (Γ, Z), where
Z(u) =
∫ u
u0
[Γ(v)−O,Γ′(v)] dv. (25)
The function Z(u) is the area of the planar region bounded by the angle
Γ(u0)OΓ(u) and the arc of Γ, u0 ≤ v ≤ u.
Corollary 6.9. Consider a spatial curve Φ : U → R3 parameterized by affine
arc-length, and let ρ and τ be given by equation (24). Then the intrinsic
affine binormal developable RS(Φ) is cylindrical if and only if we can write
Φ = (Γ, Z), where Γ is a planar curve and Z is given by equation (25), for
some origin O and some initial point u0.
Proof. We have that RS(Φ) is cylindrical if and only if ρ′+τ = 0. By equation
(22), this condition is equivalent to µ constant. Then Theorem 6.7 says that µ
constant is equivalent to φ = (γ, z), where γ = Γ′ for some planar curve Γ and
z the support function of Γ with respect to some origin O. We conclude that
RS(Φ) cylindrical is equivalent to Φ = (Γ, Z), where Z is given by equation
(25). 
6.7. A projectively invariant six vertex theorem
The quantity ρ′ + 2τ is projectively invariant. In fact, (ρ′(u) + 2τ(u))1/3du
is the projective length of the curve φ and ρ′ + 2τ = 0 if and only if φ is
contained in a quadratic cone (for details, see [8]).
The curve φ is projectively equivalent to a planar curve and in this case
τ = 0. Thus
φ′′′ = −ρφ′
and so ρ is the affine curvature of φ. By the six vertex theorem for planar
closed convex curves ([1]), φ admits at least six points where ρ′ = 0, or
equivalently, ρ′+ 2τ = 0. This means that a closed convex curve φ admits at
least six points with higher order contact with a quadratic cone.
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7. Two classes of normally flat immersions
In this section we consider two classes of normally flat submanifolds N ⊂M :
(1) N contained in a hyperplane L and (2) M hyperquadric.
7.1. Submanifolds contained in hyperplanes
For N contained in a hyperplane L, take ξ tangent to M such that ξ ·n = 1,
where · denotes inner product and n is the euclidean normal of L. Then ξ is
the parallel Darboux vector field of the immersion N ⊂M .
Let η and h denote the Blaschke normal vector field and metric of
N ⊂ L, respectively. Then η is parallel and, for a h-orthonormal frame of
TN we have
[X1, ..., Xn, η] = 1.
Since g = h, {X1, ..., Xn} is g-orthonormal and
[X1, ..., Xn, η, ξ] = 1.
Thus η ∈ A. We conclude that B ∩ L is exactly the affine focal set of the
immersion N ⊂ L ([5], ch.8).
Proposition 7.1. Let N ⊂ M be an immersion such that N is contained in
a hyperplane L. Then N ⊂ M is umbilic if and only if N ⊂ L is an affine
sphere and the envelope of tangent spaces of N ⊂M is a cone.
Proof. The vector field η is umbilic if and only if N ⊂ L is an affine sphere.
The vector field ξ is umbilic if and only the envelope of tangent spaces is a
cone. 
7.2. Submanifolds contained in hyperquadrics
In this section we consider the case M hyperquadric. By an affine transfor-
mation of Rn+2, we may assume that M is given by
n+2∑
i=1
ix
2
i = 1,
where i = ±1. Denote by < ·, · > the non-degenerate, possibly indefinite,
metric
< A,B >=
n+2∑
i=1
iAiBi.
Then the tangent space of M is φ⊥, where the orthogonality is taken with
respect to < ·, · >. Moreover, one can verify that φ is the affine Blaschke
normal and < ·, · > restricted to the tangent space of M is the affine Blaschke
metric h of M .
Consider now N ⊂ M . The non-degeneracy hypothesis implies that
< v, v >6= 0, for any v ∈ TpN . This implies that we can choose ξ orthogonal
to N with
< ξ, ξ >= ,  = ±1. (26)
Lemma 7.2. We have that:
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1. ξ is a parallel vector field in the Darboux direction.
2. The metric g is the restriction of h to N .
Proof. To prove 1, write
DXξ = ∇¯Xξ + h(X, ξ)η,
where ∇¯Xξ is tangent to M . Since h(X, ξ) = 0, we conclude that DXξ is
tangent to M and so ξ is a Darboux vector field of N ⊂ M . Differentiating
equation (26) we obtain < DXξ, ξ >= 0, for any X tangent to N , which
implies that DXξ is tangent to N and so ξ is parallel.
To prove 2, let {X1, .., Xn} be a h-orthonormal frame of TN . Then
{X1, .., Xn, ξ} is a h-orthonormal base of TM and so
[X1, ..., Xn, DXiXj , ξ] = δij .
This last equation implies that {X1, ..., Xn} is a g-orthonormal frame of TN
and thus g = h|N . 
Proposition 7.3. The vector field η belongs to the affine normal plane, is
parallel and umbilic.
Proof. It is clear that η is both parallel and umbilic, and we must verify
that η ∈ A . Consider a g-orthonormal frame {X1, ..., Xn}. Since the metric
g is the restriction to N of the Blaschke metric h of M , this frame is also
h-orthonormal. Thus
h(X1, ..., Xn, ξ) = 1,
which implies that
[X1, ..., Xn, ξ, η] = 1.
This last equation implies that η ∈ A . 
Fix p = (x1, ..., xn+2) ∈ N and denote by ξ(p) the Darboux vector field
at p. The tangent space TpN is orthogonal to both p and ξ(p). In particular,
TpN is contained in xn+2 = c, for some c, if and only if the vectors p, ξ(p)
and en+2 are coplanar.
Proposition 7.4. Let N be a submanifold contained in a hyperquadric M .
Then the immersion N ⊂ M is umbilic if and only if N is contained in a
hyperplane.
Proof. Assume first that N ⊂ M is umbilic and let L be the hyperplane
orthogonal to the line B. Assuming that B is parallel to en+2, the above
remark implies that TpN is contained in xn+2 = c, for some c. This implies
that N is contained in a hyperplane.
Conversely, assume that N = L ∩M , where L is the hyperplane given
by xn+2 = c. Then we can write p + tξ = λen+2, for some scalars t and λ.
From < ξ, p >= 0, < p, p >= 1, < p, en+2 >= cn+2 we obtain
1 = λcn+2,
thus proving that λ is independent of p ∈ N . We conclude that such an
immersion is umbilic. 
20 M. Craizer, M. J. Saia and L. F. Sa´nchez
8. Umbilic and normally flat immersions
In this section, we give a geometric characterization of umbilic and normally
flat immersions for n ≥ 2 and immersions with σ and µ constant, for n = 1.
By propositions 4.3 and 6.3, these conditions are equivalent to φ being a
visual contour with a constant point Q in the affine normal planes. In order
to keep the statements shorter, we shall refer to these immersions as umbilic
and normally flat even in case n = 1.
8.1. Main theorem
Consider a non-degenerate immersion f : U ⊂ Rn → Rn+1 and denote by
ν : U → Rn+1∗ its Blaschke co-normal map. Fix an origin O ∈ Rn+1 and
define the immersion φ : U → Rn+1∗ × R by
φ(u) = (ν(u), ν(u) · (f(u)−O)) , (27)
where u = (u1, ..., un) ∈ U and ν(u) · (f(u) − O) is the affine distance, or
support function, of f with respect to O ([2]). Take ξ = φ so that φ becomes
a visual contour. Our main theorem is the following:
Theorem 8.1. Any immersion given by equation (27) is umbilic and normally
flat. Conversely, any umbilic and normally flat immersion φ : U → M is
given by equation (27), for some immersion f : U → Rn+1 and origin O ∈
Rn+1.
8.2. Proof of the main theorem: Direct part
In this section we prove the direct part of theorem 8.1, namely, that the
immersion φ defined by equation (27) is umbilic and normally flat.
Proof. By proposition 4.3, we have to show thatQ = (0, 1), 0 ∈ Rn+1, belongs
to the affine normal plane, for any u ∈ U . Take a tangent frame {X1, .., Xn}
orthonormal with respect to the Blaschke metric h of the immersion f . Since
φ∗X = (ν∗X, ν∗X · (f(u)−O)) ,
we have that
DXφ∗Y = (DXν∗Y,DXν∗Y · (f(u)−O))− h(X,Y )Q.
The first parcel in the second member is tangent to M : In fact, writing
DXν∗Y =
n∑
i=1
aiν∗Xi + bν.
we obtain
(DXν∗Y,DXν∗Y · (f −O)) =
n∑
i=1
aiφ∗Xi + bφ,
which is tangent to M . We conclude that h2(X,Y ) = h(X,Y ), and so
{X1, ..., Xn} is h2-orthonormal for the frame {φ,Q}. To conclude that Q
is in the affine normal plane we must verify that
[φ∗X1, ...φ∗Xn, φ,Q]
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is constant. But
[φ∗X1, ...φ∗Xn, φ,Q] = [ν∗X1, ...ν∗Xn, ν] = −1,
thus proving the direct part of theorem 8.1. 
Choose ξ = φ and η = −Q in (11) to get
1
n
∆φ = −Q− λφ, (28)
where λ = − 1n trg(h1).
Corollary 8.2. We have that λ = H, where H is the affine mean curvature of
the immersion f .
Proof. From the proof of theorem 8.1 we obtain that the Blaschke metric h
of f coincides with the metric g = h2 of the immersion φ. Thus the Laplacian
operators of f and φ are the same. If follows from [10], propositions 6.2 and
6.3, that
1
n
∆ν = −Hν; 1
n
∆(ν · (f −O)) = −1−Hν · (f −O).
Thus
1
n
∆φ = −Hφ−Q.
Comparing with equation (28), the corollary is proved. 
8.3. Proof of the main theorem: Converse part
In this section we prove the converse of theorem 8.1, namely, that any umbilic
and normally immersion is given by equation (27), for some immersion f and
origin O ∈ Rn+1.
Proof. Assume that φ is an umbilic immersion and normally flat and write
φ = (ψ, z). Define f by the conditions
ψ · (f −O) = z; ψ∗X · (f −O) = X(z),
for some origin O ∈ Rn+1. These equations imply that ψ · f∗X = 0, for any
X. We conclude that ψ = λν, for some λ ∈ R, where ν denotes the Blaschke
co-normal of the immersion f . Since by proposition 4.3 Q belongs to the affine
normal plane of φ, we can find a local frame {X1, .., Xn}, h2-orthonormal,
such that
[φ∗X1, ...φ∗Xn, φ,Q] = −1.
This equation implies
[ψ∗X1, ...ψ∗Xn, ψ] = −1,
and then
[ν∗X1, ...ν∗Xn, ν] = −λn+1. (29)
Differentiating
φ∗X = (ψ∗X,ψ∗X · (f −O))
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we obtain
DXφ∗Y = (DXψ∗Y,DXψ∗Y · (f −O)) + (ψ∗Y · f∗X) Q.
The same argument as above says that the first vector of the second member
is tangent to M , and so h2(X,Y ) = −ψ∗Y · f∗X. We conclude that
h2(X,Y ) = −λν∗Y · f∗X = λh(X,Y ).
Now consider the h-orthonormal basis {Y1, .., Yn}, where Yi = λ1/2Xi. Since
[ν∗Y1, ...ν∗Yn, ν] = −1,
we conclude that
[ν∗X1, ...ν∗Xn, ν] = −λn2 . (30)
From equations (29) and (30) we conclude that λ = 1. 
8.4. Umbilic and normally flat immersions contained in a hyperplane
We now characterize those umbilic and normally flat immersions that are
contained in a hyperplane:
Proposition 8.3. Assume that φ ⊂ M is given by equation (27), for some
immersion f and some origin O. Then φ is contained in a hyperplane if and
only if f is a proper affine sphere.
Proof. The affine distance z is constant if and only if f is a proper affine
sphere and O its center ([10], prop.5.10). Thus, if f is a proper affine sphere
and O is arbritary, φ is contained in a hyperplane. Conversely, if φ is contained
in a hyperplane, z is constant for some choice of O. Thus f is an affine
sphere. 
Since a compact affine sphere is necessarily an ellipsoid, we have the
following corollary:
Corollary 8.4. Assume that φ ⊂M is given by equation (27), for some com-
pact immersion f and some origin O. Then φ is contained in a hyperplane
if and only if f is an ellipsoid.
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